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C∗-ALGEBRAS GENERATED BY MULTIPLICATION
OPERATORS AND COMPOSITION OPERATORS BY
FUNCTIONS WITH SELF-SIMILAR BRANCHES
HIROYASU HAMADA
Abstract. Let K be a compact metric space and let ϕ : K → K be continu-
ous. We study C∗-algebra MCϕ generated by all multiplication operators by
continuous functions on K and a composition operator Cϕ induced by ϕ on a
certain L2 space. Let γ = (γ1, . . . , γn) be a system of proper contractions on
K. Suppose that γ1, . . . , γn are inverse branches of ϕ and K is self-similar. We
consider the Hutchinson measure µH of γ and the L2 space L2(K,µH ). Then
we show that the C∗-algebra MCϕ is isomorphic to the C∗-algebra Oγ(K)
associated with γ under some conditions.
1. Introduction
Recently several authors considered C∗-algebras generated by composition op-
erators (and Toeplitz operators) to study properties of composition operators or
algebraic combinations of composition operators and Toeplitz operators. Most of
their studies have focused on composition operators induced by linear fractional
maps ([8, 9, 16, 17, 18, 20, 22, 23, 24]). Watatani and the author [6], and the
author [3] considered C∗-algebras generated by composition operators and Toeplitz
operators for finite Blaschke products, which are certain products of linear frac-
tional maps. Let R be a finite Blaschke product of degree at least two. In [3], we
proved that there is a relation between a C∗-algbara generated by a composition
operator CR and Toeplitz operators and the C
∗-algebra OR(JR) associated with
the complex dynamical system introduced in [12].
On the other hand, there are some studies on C∗-algebras generated by compo-
sition operators on L2 spaces, for example [19] and [4]. Matsumoto [19] introduced
some C∗-algebras associated with cellular automata generated by composition op-
erators and multiplication operators. Let R be a rational function of degree at
least two, let JR be the Julia set of R and let µ
L be the Lyubich measure of R. In
[4], we studied the C∗-algebra MCR generated by all multiplication operators by
continuous functions in C(JR) and the composition operator CR induced by R on
L2(JR, µ
L). We showed that the C∗-algebra MCR is isomorphic to the C∗-algebra
OR(JR) associated with the complex dynamical system {R◦n}∞n=1.
More generally, we consider a C∗-algebra generated by all multiplication oper-
ators by continuous functions and a composition operator Cϕ induced by ϕ on a
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certain L2 space. Let ϕ be the map ϕ : [0, 1]→ [0, 1] defined by
ϕ(x) =
{
2x 0 ≤ x ≤ 12 ,
−2x+ 2 12 ≤ x ≤ 1.
The map ϕ is famous in dynamical system and is called the tent map. Since ϕ is
not a rational map, we cannot adapt the theory ofMCR and OR(JR) in [4]. In the
same way as rational functions, we consider suitable C∗-algebras. Kajiwara and
Watatani [13] also introduced the C∗-algebra Oγ(K) associated with self-similar
maps γ, which is defined in a similar way to the C∗-algebra OR(JR) associated
with the complex dynamical system {R◦n}∞n=1.
In this paper we consider the case that ϕ is in a certain class containing the
tent map. Let (K, d) be a compact metric space, let γ = (γ1, . . . , γn) be a system
of proper contractions on K and let ϕ : K → K be continuous. Suppose that
γ1, . . . , γn are inverse branches of ϕ and K is self-similar. We consider the Borel
σ-algebra B(K) on K and the Hutchinson measure µH of γ. The measure µH is
the invariant measure of γ. Let us denote by MCϕ the C∗-algebra generated by
multiplication operators Ma for a ∈ C(K) and the composition operator Cϕ on
L2(K,B(K), µH). Assume that the system γ = (γ1, . . . , γn) satisfies the open set
condition, the finite branch condition and the measure separation condition in K.
Then MCϕ is isomorphic to Oγ(K) associated with γ.
This means that we construct a representation of the C∗-algebra Oγ(K) by
multiplication operators composition operators. We expect to be applied this result
to analysis of the C∗-algebra Oγ(K).
There are some remarks for MCϕ. We denote by MCγ1,γ2,...,γn the C∗-algebra
generated by all multiplication operators by continuous functions and composition
operators Cγi by γi for i = 1, 2, . . . , n on L
2(K,B(K), µH). The definition of
MCϕ is different from that of MCγ1,γ2,...,γn . Under some condition, we can show
C∗ϕ =
1
n
∑n
i=1 Cγi . Thus MCϕ ⊂ MCγ1,γ2,...,γn . Although MCϕ is not equal to
MCγ1,γ2,...,γn in general. For example, let γ1 and γ2 be the inverse branches of the
tent map ϕ. Then MCϕ is isomorphic to the Cuntz algebra O∞, while MCγ1,γ2 is
isomorphic to the Cuntz algebra O2. Thus MCϕ is not equal to MCγ1,γ2 .
2. Covariant relations
Let (K, d) be a compact metric space. A continuous map γ : K → K is called a
proper contraction if there exists constants 0 < c1 ≤ c2 < 1 such that
c1d(x, y) ≤ d(γ(x), γ(y)) ≤ c2d(x, y), x, y ∈ K.
Let γ = (γ1, . . . , γn) be a family of proper contractions on (K, d). We say that
K is called self-similar with respect to γ if K =
⋃n
i=1 γi(K). See [2] and [15] for
more on fractal sets.
Definition. We say that γ satisfies the open set condition in K if there exists a
non-empty open set V ⊂ K such that
n⋃
i=1
γi(V ) ⊂ V and γi(V ) ∩ γj(V ) = ∅ for i 6= j.
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For a system γ of proper contractions on a compact metric spaceK, we introduce
the following subsets of K.
Bγ = {y ∈ K | y = γi(x) = γj(x) for some x ∈ K and i 6= j},
Cγ = {x ∈ K | γi(x) = γj(x) for some i 6= j}.
Definition. We say that γ satisfies the finite branch condition if Cγ is finite set.
In this paper, we consider Lp spaces with respect to Hutchinson measures. We
recall the definition of Hutchinson measures.
Lemma 2.1 ([7]). Let K be a compact metric space and let γ be a system of proper
contractions. If p1, . . . , pn ∈ R satisfy
∑n
i=1 pi = 1 and pi > 0 for i, then there
exists a unique measure µ on K such that
µ(E) =
n∑
i=1
piµ(γ
−1
i (E))
for E ∈ B(K).
Definition. We call the measure µ given by Lemma 2.1 the self-similar measure
on K with {pi}ni=1. In particular, we denote by µH the self-similar measure with
pi =
1
n for i and call this measure the Hutchinson measure.
Definition ([1]). We say that γ satisfies the measure separation condition in K if
µ(γi(K) ∩ γj(K)) = 0 for any self-similar measure µ and i 6= j.
If K ⊂ Rd, it is known that the open set condition is equivalent to the measure
separation condition. The theorem states that many examples of systems of proper
contractions satisfy the measure separation condition.
Theorem 2.2 ([25]). Let γ be a system of proper contractions. Assume that K ⊂
R
d and K is self-similar. Then the following conditions are equivalent.
(1) γ satisfies the open set condition in K.
(2) γ satisfies the measure separation condition in K.
Let ϕ : K → K be measureable. Suppose that γ1, . . . , γn are inverse branches
of ϕ, that is, ϕ(γi(x)) = x for x ∈ K and i = 1, . . . , n. Let 1 ≤ p ≤ ∞. We
shall define the composition operator Cϕ on L
p(K,B(K), µH). The measurable
function ϕ induces a linear operator Cϕ from L
p(K,B(K), µH) to the linear space
of all measurable functions on (K,B(K), µH) defined as Cϕf = f ◦ ϕ for f ∈
Lp(K,B(K), µH). If Cϕ : Lp(K,B(K), µH) → Lp(K,B(K), µH) is bounded, it is
called the composition operator on Lp(K,B(K), µH) induced by ϕ.
Proposition 2.3. Let γ = (γ1, . . . , γn) be a system of proper contractions. Assume
that K is self-similar and the system γ = (γ1, . . . , γn) satisfies the measure separa-
tion condition in K. Then the operator Cϕ is an isometry on L
p(K,B(K), µH) for
1 ≤ p <∞.
Proof. Since γi is proper contraction, γi : K → γi(K) is bijective. Thus we have
(µH ◦ γi)(E) = 1nµH(E) for E ∈ B(K), where µH ◦ γi is the measure on K defined
by (µH ◦ γi)(E) = µH(γi(E)). Since K is self-similar and γ satisfies the measure
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separation condition in K,
‖Cϕf‖pp =
∫
K
|f(ϕ(x))|p dµH(x) =
n∑
i=1
∫
γi(K)
|f(ϕ(x))|p dµH(x)
=
n∑
i=1
∫
K
|f(y)|p d(µH ◦ γi)(y) =
n∑
i=1
∫
K
|f(y)|p 1
n
dµH(y)
=
∫
K
|f(y)|p dµH(y) = ‖f‖pp
for f ∈ Lp(K,B(K), µH), which completes the proof. 
For f ∈ L1(K,B(K), µH), we define an function Lϕf : K → C by
(Lϕf)(x) = 1
n
n∑
i=1
f(γi(x)), x ∈ K.
For f ∈ C(K), we can easily see that Lϕf ∈ C(K) since γ1, . . . , γn are continuous
functions.
Lemma 2.4. Let γ = (γ1, . . . , γn) be a system of proper contractions. Assume that
K is self-similar and the system γ = (γ1, . . . , γn) satisfies the measure separation
condition in K. Then Lϕ is bounded on L∞(K,B(K), µH) and C∗ϕ = Lϕ, where
Cϕ is an operator on L
1(K,B(K), µH).
Proof. Since K is self-similar and γ satisfies the measure separation condition in
K, we have
〈C∗ϕf, g〉 = 〈f, Cϕg〉 =
∫
K
f(x)g(ϕ(x)) dµH (x) =
n∑
i=1
∫
γi(K)
f(x)g(ϕ(x)) dµH (x)
=
n∑
i=1
∫
K
f(γi(y))g(y) d(µ
H ◦ γi)(y) =
n∑
i=1
∫
K
f(γi(y))g(y)
1
n
dµH(y)
=
∫
K
(Lϕf)(y)g(y) dµH(y) = 〈Lϕf, g〉
for f ∈ L∞(K,B(K), µH) and g ∈ L1(K,B(K), µH), which completes the proof. 
For a ∈ L∞(K,B(K), µH), we define the multiplication operatorMa on L2(K,B(K), µH)
by Maf = af for f ∈ L2(K,B(K), µH). We have the following covariant relation
by the same argument in the proof of [4, Proposition 2.3].
Proposition 2.5. Let γ = (γ1, . . . , γn) be a system of proper contractions. Assume
that K is self-similar and the system γ = (γ1, . . . , γn) satisfies the measure separa-
tion condition in K. Let Cϕ be the composition operator on L
2(K,B(K), µH) with
ϕ. Then we have
C∗ϕMaCϕ =MLϕ(a)
for a ∈ L∞(K,B(K), µH).
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Proof. For f, g ∈ L2(K,B(K), µH), we have
〈C∗ϕMaCϕf, g〉 = 〈MaCϕf, Cϕg〉 =
∫
K
a(f ◦ ϕ)(g ◦ ϕ)dµH
=
∫
K
aCϕ(fg)dµ
H =
∫
K
Lϕ(a)fgdµH = 〈MLϕ(a)f, g〉
by Lemma 2.4, where Cϕ is also regarded as the composition operator on L
1(K,B(K), µH).

3. C∗-algebras associated with self-similar sets
We recall the construction of Cuntz-Pimsner algebras [21] (see also [14]). Let
A be a C∗-algebra and let X be a right Hilbert A-module. A sequence {ui}∞i=1
of X is called a countable basis of X if ξ =
∑∞
i=1 ui〈ui, ξ〉A for ξ ∈ X , where the
right hand side converges in norm. We denote by L(X) the C∗-algebra of the
adjointable bounded operators on X . For ξ, η ∈ X , the operator θξ,η is defined
by θξ,η(ζ) = ξ〈η, ζ〉A for ζ ∈ X . The closure of the linear span of these operators
is denoted by K(X). We say that X is a Hilbert bimodule (or C∗-correspondence)
over A if X is a right Hilbert A-module with a ∗-homomorphism φ : A → L(X).
We always assume that φ is injective.
A representation of the Hilbert bimodule X over A on a C∗-algebra D is a pair
(ρ, V ) constituted by a ∗-homomorphism ρ : A→ D and a linear map V : X → D
satisfying
ρ(a)Vξ = Vφ(a)ξ, V
∗
ξ Vη = ρ(〈ξ, η〉A)
for a ∈ A and ξ, η ∈ X . It is known that Vξρ(b) = Vξb follows automatically (see for
example [14]). We define a ∗-homomorphism ψV : K(X)→ D by ψV (θξ,η) = VξV ∗η
for ξ, η ∈ X (see for example [11, Lemma 2.2]). A representation (ρ, V ) is said
to be covariant if ρ(a) = ψV (φ(a)) for all a ∈ J(X) := φ−1(K(X)). Suppose the
Hilbert bimodule X has a countable basis {ui}∞i=1 and (ρ, V ) is a representation of
X . Then (ρ, V ) is covariant if and only if ‖∑ni=1 ρ(a)VuiV ∗ui −ρ(a)‖ → 0 as n→∞
for a ∈ J(X), since {∑ni=1 θui,ui}∞n=1 is an approximate unit for K(X).
Let (i, S) be the representation of X which is universal for all covariant represen-
tations. The Cuntz-Pimsner algebra OX is the C∗-algebra generated by i(a) with
a ∈ A and Sξ with ξ ∈ X . We note that i is known to be injective [21] (see also
[14, Proposition 4.11]). We usually identify i(a) with a in A.
Let γ = (γ1, . . . , γn) be a system of proper contractions on a compact metric
space K. Let A = C(K) and Y = C(C), where C = ⋃ni=1{(γi(y), y) | y ∈ K} is the
cograph of γi. Then Y is an A-A bimodule over A by
(a · f · b)(γi(y), y) = a(γi(y))f(γi(y), y)b(y), a, b ∈ A, f ∈ Y.
We define an A-valued inner product 〈 , 〉A on Y by
〈f, g〉A(y) =
n∑
i=1
f(γi(y), y)g(γi(y), y), f, g ∈ Y, y ∈ K.
Then Y is a Hilbert bimodule over A. The C∗-algebra Oγ(K) is defined as the
Cuntz-Pimsner algebra of the Hilbert bimodule Y = C(C) over A = C(K).
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4. Main theorem
Definition. Let ϕ : K → K be continuous. Suppose that composition operator Cϕ
on L2(K,B(K), µH) is bounded. We denote by MCϕ the C∗-algebra generated by
all multiplication operators by continuous functions in C(K) and the composition
operator Cϕ on L
2(K,B(K), µH).
Let γ = (γ1, . . . , γn) be a system of proper contractions on K. Suppose that
γ1, γ2, . . . , γn are inverse branches of ϕ and K is self-similar. In this section we
shall show that the C∗-algebraMCϕ is isomorphic to the C∗-algebra Oγ(K) under
some assumptions.
Remark. We denote byMCγ1,γ2,...,γn the C∗-algebra generated by all multiplication
operators by continuous functions in C(K) and composition operators Cγi by γi for
i = 1, 2, . . . , n on L2(K,B(K), µH). The definition ofMCϕ is different from that of
MCγ1,γ2,...,γn . If γ satisfies the measure separation condition in K, then we have
C∗ϕ =
1
n
∑n
i=1 Cγi by Lemma 2.4. Thus MCϕ ⊂ MCγ1,γ2,...,γn . Although MCϕ is
not equal to MCγ1,γ2,...,γn in general. For example, let γ1 and γ2 be the inverse
branches of the tent map ϕ. ThenMCϕ is not equal toMCγ1,γ2 . We shall consider
this case in Section 5.
Let ϕ : K → K be continuous. Let A = C(K) and X = C(K). Then X is an
A-A bimodule over A by
(a · ξ · b)(x) = a(x)ξ(x)b(ϕ(x)) a, b ∈ A, ξ ∈ X.
We define an A-valued inner product 〈 , 〉A on X by
〈ξ, η〉A(x) = 1
n
n∑
i=1
ξ(γi(x))η(γi(x))
(
= (Lϕ(ξη))(x)
)
, ξ, η ∈ X.
Then X is a Hilbert bimodule over A. Put ‖ξ‖2 = ‖〈ξ, ξ〉A‖1/2∞ for ξ ∈ X , where
‖ ‖∞ is the sup norm onK. Let Φ : Y → X be defined by (Φ(f))(x) =
√
nf(x, ϕ(x))
for f ∈ Y . It is easy to see that Φ is an isomorphism and X is isomorphic to Y
as Hilbert bimodules over A. Hence the C∗-algebra Oγ(K) is isomorphic to the
Cuntz-Pimsner algebra OX constructed from X .
We need some analyses based on bases of the Hilbert bimodule X to show an
equation containing the composition operator Cϕ and multiplication operators.
Lemma 4.1. Let u1, . . . , uN ∈ X and let γ = (γ1, . . . , γn) be a system of proper
contractions. Assume that K is self-similar and the system γ = (γ1, . . . , γn) satisfies
the measure separation condition in K. Then
N∑
i=1
MuiCϕC
∗
ϕM
∗
uia =
N∑
i=1
ui · 〈ui, a〉A
for a ∈ A.
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Proof. Since a =MaCϕ1, we have
N∑
i=1
MuiCϕC
∗
ϕM
∗
uia =
N∑
i=1
MuiCϕC
∗
ϕM
∗
uiMaCϕ1
=
N∑
i=1
MuiCϕC
∗
ϕMuiaCϕ1
=
N∑
i=1
MuiCϕMLϕ(uia)1 by Proposition 2.5
=
N∑
i=1
MuiMLϕ(uia)◦ϕCϕ1
=
N∑
i=1
uiLϕ(uia) ◦ ϕ
=
N∑
i=1
ui · 〈ui, a〉A,
which completes the proof. 
Lemma 4.2. Let {ui}∞i=1 be a countable basis of X and let γ = (γ1, . . . , γn) be
a system of proper contractions. Assume that K is self-similar and the system
γ = (γ1, . . . , γn) satisfies the measure separation condition in K. Then
0 ≤
N∑
i=1
MuiCϕC
∗
ϕM
∗
ui ≤ I.
Proof. Set TN =
∑N
i=1MuiCϕC
∗
ϕM
∗
ui . It is clear that TN is a positive operator.
We shall show TN ≤ I. By Lemma 4.1,
〈TNf, f〉 =
∫
K
(TNf)(x)f(x)dµ
H(x) =
∫
K
(
N∑
i=1
ui · 〈ui, f〉A
)
(x)f(x)dµH(x)
for f ∈ C(K). Since {ui}∞i=1 is a countable basis of X , for f ∈ C(K), we have∑N
i=1 ui · 〈ui, f〉A → f with respect to ‖ ‖2 as N → ∞. Since the two norms ‖ ‖2
and ‖ ‖∞ are equivalent (see the proof of [13, Proposition 2.1]),
∑N
i=1 ui · 〈ui, f〉A
converges to f with respect to ‖ ‖∞. Thus
〈TNf, f〉 →
∫
K
f(x)f(x)dµH(x) = 〈f, f〉 as N →∞
for f ∈ C(K). Therefore 〈TNf, f〉 ≤ 〈f, f〉 for f ∈ C(K). Since the Hutchinson
measure µH on K is regular, C(K) is dense in L2(K,B(K), µH). Hence we have
TN ≤ I. This completes the proof. 
We now recall a description of the ideal J(X) of A. By [13, Proposition 2.6], we
can write J(X) = {a ∈ A | a vanishes on Bγ}. We define a subset J(X)0 of J(X) by
J(X)0 = {a ∈ A | a vanishes on Bγ and has compact support on K r Bγ}. Then
J(X)0 is dense in J(X).
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Lemma 4.3. Let γ = (γ1, . . . , γn) be a system of proper contractions. Assume
that K is self-similar and the system γ = (γ1, . . . , γn) satisfies the finite branch
condition and the measure separation condition in K. Then there exists a countable
basis {ui}∞i=1 of X such that
∞∑
i=1
MaMuiCϕC
∗
ϕM
∗
ui =Ma
for a ∈ J(X).
Proof. Since γ satisfies the finite branch condition, there exists a countable basis
{ui}∞i=1 of X satisfying the following property by [10, Subsection 3.2]. For any
b ∈ J(X)0, there exists M > 0 such that supp b ∩ suppum = ∅ for m ≥ M . Since
J(X)0 is dense in J(X), for any a ∈ A and any ε > 0, there exists b ∈ J(X)0 such
that ‖a − b‖ < ε/2. Let m ≥ M . Then by Lemma 4.1 and bui = 0 for i ≥ m, it
follows that
m∑
i=1
MbMuiCϕC
∗
ϕM
∗
uif =
m∑
i=1
bui · 〈ui, f〉A =
∞∑
i=1
bui · 〈ui, f〉A = bf =Mbf
for f ∈ C(K). Since C(K) is dense in L2(K,B(K), µH), we have
m∑
i=1
MbMuiCϕC
∗
ϕM
∗
ui =Mb.
From Lemma 4.2 it follows that∥∥∥∥∥
m∑
i=1
MaMuiCϕC
∗
ϕM
∗
ui −Ma
∥∥∥∥∥ ≤
∥∥∥∥∥
m∑
i=1
MaMuiCϕC
∗
ϕM
∗
ui −
m∑
i=1
MbMuiCϕC
∗
ϕM
∗
ui
∥∥∥∥∥
+
∥∥∥∥∥
m∑
i=1
MbMuiCϕC
∗
ϕM
∗
ui −Mb
∥∥∥∥∥+ ‖Mb −Ma‖
≤ ‖Ma −Mb‖
∥∥∥∥∥
m∑
i=1
MuiCϕC
∗
ϕM
∗
ui
∥∥∥∥∥+ ‖Ma −Mb‖
<
ε
2
+
ε
2
= ε,
which completes the proof. 
The following theorem is the main result of the paper.
Theorem 4.4. Let (K, d) be a compact metric space, let γ = (γ1, . . . , γn) be a
system of proper contractions on K and let ϕ : K → K be continuous. Suppose
that γ1, . . . , γn are inverse branches of ϕ. Assume that K is self-similar and the
system γ = (γ1, . . . , γn) satisfies the open set condition, the finite branch condition
and the measure separation condition in K. Then MCϕ is isomorphic to Oγ(K).
Proof. Put ρ(a) =Ma and Vξ =MξCϕ for a ∈ A and ξ ∈ X . Then we have
ρ(a)Vξ =MaMξCϕ =MaξCϕ = Va·ξ
and
V ∗ξ Vη = C
∗
ϕM
∗
ξMηCϕ = C
∗
ϕMξηCϕ =MLϕ(ξη) = ρ(Lϕ(ξη)) = ρ(〈ξ, η〉A)
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for a ∈ A and ξ, η ∈ X by Proposition 2.5. Let {ui}∞i=1 be a countable basis of X .
Then, applying Lemma 4.3,
∞∑
i=1
ρ(a)VuiV
∗
ui =
∞∑
i=1
MaMuiCϕC
∗
ϕM
∗
ui =Ma = ρ(a)
for a ∈ J(X). Since the support of the Hutchinson measure µH is the self-similar
set K, the ∗-homomorphism ρ is injective. By the universality and the simplicity
of Oγ(K) ([13, Theorem 3.8]), the C∗-algebra MCϕ is isomorphic to Oγ(K). 
5. Examples
We give some examples for C∗-algebras generated by a composition operator Cϕ
and multiplication operators.
Example. A tent map ϕ : [0, 1]→ [0, 1] is defined by
ϕ(x) =
{
2x 0 ≤ x ≤ 12 ,
−2x+ 2 12 ≤ x ≤ 1.
Let
γ1(y) =
1
2
y and γ2(y) = −1
2
y + 1.
Then γ1 and γ2 are inverse branches of ϕ and K = [0, 1] is the self-similar set with
respect to γ = (γ1, γ2). The Hutchinson measure µ
H on [0, 1] coincides with the
Lebesgue measure m on [0, 1]. The system γ satisfies the open set condition, the
finite branch condition and the measure separation condition in K. We consider
the composition operator Cϕ on L
2([0, 1],B([0, 1]),m). By Theorem 4.4, the C∗-
algebra MCϕ is isomorphic to Oγ([0, 1]). Moreover Oγ([0, 1]) is isomorphic to the
Cuntz algebra O∞ by [13, Example 4.5]. Thus MCϕ is isomorphic to O∞.
Remark. Let γ = (γ1, . . . , γn) be a system of proper contractions on K. Assume
that K is self-similar and the system γ = (γ1, . . . , γn) satisfies the measure sepa-
ration condition in K. Then MCϕ ⊂ MCγ1,γ2,...,γn . Although MCϕ is not equal
to MCγ1,γ2,...,γn in general. In the above example, we can see that MCγ1,γ2 is
isomorphic to the Cuntz algebra O2 by [5]. Thus MCϕ is not equal to MCγ1,γ2 .
Example. Let K = {1, . . . , n}N. The space K is the space of one-sided sequences
w = {wi}∞i=1 of {1, . . . , n}. Let ϕ : K → K be the shift
ϕ(w1, w2, . . . ) = (w2, w3, . . . ).
Then inverse branches of ϕ are γ1, . . . , γn such that
γi(w1, w2, . . . ) = (i, w1, w2, . . . )
for i. We define a metric d on K by
d(w, v) =
∞∑
i=1
1
2i
(1 − δwi,vi)
for w = {wi}∞i=1, v = {vi}∞i=1 ∈ K. Then γi, . . . , γn are proper contractions with the
Lipschitz constant 12 and K is the self-similar set with respect to γ = (γ1, . . . , γn).
The Hutchinson measure µH on K coincides with the product measure of the dis-
crete probability measure ν on {1, . . . , n} such that ν({i}) = 1n for i = 1, . . . , n.
The system γ satisfies the open set condition, the finite branch condition and the
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measure separation condition in K. We consider the composition operator Cϕ on
L2(K,B(K), µH). By Theorem 4.4, the C∗-algebra MCϕ is isomorphic to Oγ(K).
MoreoverOγ(K) is isomorphic to the Cuntz algebra On by [13, Example 4.2]. Thus
MCϕ is isomorphic to On.
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